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In this paper we describe the electrodynamics of a null and force-free field in completely geometric
terms. As was previously established in [1], solutions to force-free electrodynamics are governed by
the existence of certain special types of foliations of spacetime. Here we prescribe the nature of the
foliations in a coordinate free formalism in the null case. Finally, we illustrate all of our general
results by constructing a null, force-free electrodynamic field in an Friedmann-Lemaitre-Robertson-
Walker (FLRW) spacetime.
I. INTRODUCTION
Force-free electrodynamics has found applications in a
wide range of astrophysical phenomena ever since Bland-
ford and Znajek put forth their seminal article describing
the powering mechanism behind black holes [2]. Force-
free electrodynamics becomes relevant when the energy
density of the interacting plasma is insignificant com-
pared to the electromagnetic field energy density, so that
the transfer of energy between the two can be effectively
ignored. Most of the effort behind constructing solutions
to the relevant equations were numerical in nature (for
example see [3], [4], [5], [6]); and understandably so. Dy-
namic evolution of the electromagnetic field in varying
astrophysical settings can be non-trivial nature, and nu-
merical solutions will continue to play an important and
primary role in applications.
A theoretical framework, however, will guide the search
for new solutions. As shown in [1], force-free electrody-
namics is completely determined by gravity (geometry)
alone. In the non-null case, (i.e., when the field is electri-
cally or magnetically dominated), picking initial condi-
tions is restricted to a choice of an integration constant.
In the null case, there will always be a class of solutions
that has exactly 2 degrees of freedom. This article will
focus only on null solutions of the electromagnetic field.
Consequently, we will describe how the degrees of free-
dom in the null solutions comes about. We will also see
that the associated foliations/field sheets of the null field
will always contain a null geodesic. This is a very im-
portant observation since there are robust techniques in
place to describe a null geodesic congruence.
Early research on force-free electromagnetic theory
showed that the field can be described as a simple 2 form,
and further that the kernel of the field forms an involu-
tive distribution ([7], [8], [9]). Over a decade ago, the first
exact analytical solution to the Blandford-Znajek equa-
tions were obtained using a 3 + 1 decomposition of the
electromagnetic field [10]. This solution described a null,
stationary, axis-symmetric field in a Kerr background.
The same technique led to a second solution, however
this time, the solution was magnetically dominated [11].
Using the Newmann-Penrose formalism, Brennan et. al.
were able to generalize the original null solution to a non
axis-symmetric and time dependent case [12], and it was
further generalized by Gralla and Jacobson in [13]. We
will visit this generalization again in this work to show
why such a generalization necessarily exists, and why no
further generalization of a null field generated by the out-
going principal null geodesic of the Kerr geometry exists.
This work begins with a geometric recasting of the
recent paper, [1], that describes the structural aspects
of force-free electrodynamics in albeit an adapted coor-
dinate chart. The adapted chart had the advantage of
simplifying the relevant partial differential equations of
force-free electrodynamics in a way one can study ini-
tial data surfaces, and the evolution of the field. It was
also clear that null and non-null fields have very different
characteristics. As we shall see, the null field deserves
attention of its own and will be the subject of study in
this work. The adapted chart formalism has masked the
geometric nature of the theory. The geometric formula-
tion in the null case will connect force-free electrodynam-
ics to null geodesics, and the null mean curvature of the
geodesic congruence. We conclude by constructing a new
null, force-free solution in a k = +1 FLRW background
to give a concrete example of all the new results we have
obtained.
II. THE FORCE-FREE ELECTROMAGNETIC
FIELD
As per general relativity, spacetime is a 4-dimensional
smooth manifoldM endowed with a metric g of Lorentz
signature which we choose as (−1, 1, 1, 1). In this work we
will consider the metric as fixed and predetermined. The
only restriction we place is that the background metric
is free of any electromagnetic contribution. The electro-
magnetic field tensor can be written as a 2-form F which
satisfies the following Maxwell’s equations:
dF = 0 , (1)
and
∗ d ∗ F = j . (2)
Here ∗ is the Hodge-Star operator and d is the exterior
derivatives on forms. Also, j denotes the current density
2vector. Force-free electrodynamics is a restricted case
where we place the following additional requirement
ij♯ F = 0 .
Here i denotes the interior product defined by
ij♯ F ≡ F (j♯, ·)
where j♯ is the contravariant vector field given by the
map
j♯ = gµν jν ∂µ
in any coordinate basis. The ♯ operator can be used to
convert any 1-form to a tangent vector. Its inverse will
be denoted by the ♭ operator which maps tangent vectors
to 1-forms; for example given a vector field χ = χµ ∂µ,
we define
χ♭ = gµνχ
νdxµ .
The above expression is also valid in any local chart. Fur-
ther, we suppress an indication by ♭ or ♯ when we rely on
the abstract index notation, i.e., jµ will be understood
to be j♯, and χµ is to be taken as χ
♭. Let
F 2(p) ≡ FµνFµν(p) .
Then F is called magnetically dominated at p whenever
F 2(p) > 0, F is called electrically dominated at p when-
ever F 2(p) < 0, finally a force-free electromagnetic field
F is called null at p whenever F 2(p) = 0. The 3 current
J ≡ d ∗ F , then ∗J = j.
Earlier works by [7], [8], and [9] shows that a force-free
electromagnetic field can always be written as a simple
2-form
F = α ∧ β , (3)
where α and β are 1-forms. We will fully utilize the
machinery of differential forms in this paper. The
recent paper by [13] captures all the essential equa-
tions of force-free electrodynamics in modern notation.
The kernel of F , denoted by kerF , is a 2 dimensional
subspace of the tangent bundle satisfying the prop-
erty that ivF = 0 whenever v ∈ kerF . For the
force-free case, using eq. (3) it is easily shown that
kerF at p is spacelike/Lorentz whenever F is electri-
cally/magnetically dominated. When a force-free F is
null the metric when restricted to kerF is degenerate.
For v, w ∈ kerF ,
i[v,w]F = [Lv, iw]F = 0
since F is a closed 2-form. Here Lv denotes the Lie
derivative with respect to the vector field v. There-
fore the kerF is an involutive distribution. Consequently
Frobenius’ theorem implies that when a force-free F ex-
ists onM, spacetime can be foliated by 2-dimensional in-
tegral submanifolds of the distribution spanned by kerF
(for example see [14]). The leaves of the foliation, which
are submanifolds in their own right, will be denoted as
Fa. Here a belongs to some indexing set A. The key
points here are that
Fa ∩ Fb = 0, whenever a 6= b ∈ A ,
∪a∈A Fa =M ,
and whenever v ∈ T (Fa) for any a ∈ A we have that
ivF = 0. When F is written in the form given by eq.(3),
the force-free condition is equivalent to the prescription
J ∧ α = 0 = J ∧ β . (4)
III. THE FORCE-FREE FIELD IN AN
ADAPTED CHART
About any p in some Fa, there exist an adapted co-
ordinate chart
(
Up, φp = (x
1, . . . , x4)
)
centered about p,
i.e., φp(p) = 0 , such that the slices given by constant
values of x3 and x4 are indeed the field sheets contained
in Up. Consequently, as shown in [13], the Maxwell field
tensor can be written as
F = u(x3, x4) dx3 ∧ dx4 . (5)
We shall refer to such a chart as a field sheet adapted
chart for F . As mentioned in my previous work ([1]),
there is no preference here for a timelike coordinate, and
so we label the adapted coordinates with indices ranging
from 1 − 4, rather than the usual 0 − 3. In the adapted
chart, define quantities
M r = gr3 g34 − g33 gr4 , and N r = gr3 g44 − g34 gr4 ,
for r = 1 − 4. It was shown in [1] that the equations of
force-free electrodynamics are given by
M4
∂
∂x4
ln |u| = − 1√−g
∂
∂xr
(√−g M r) ≡ −∇rM r ,
(6)
and
N3
∂
∂x3
ln |u| = − 1√−g
∂
∂xr
(√−g N r) ≡ −∇rN r .
(7)
Note thatM4 = −N3, andM3 = 0 = N4. In the last two
equations we have pretended that M r and N r are vector
fields in writing the shorthand notation for divergence.
For the null case, this assumption will be justified along
the way.
Let F be a null electromagnetic field onM, and let Fa
be the associated field sheets. Then, as mentioned in the
previous section, g restricted to T (Fa) is degenerate. Let
us see exactly how this happens. Since α and β span a
32-plane, by a simple reassignment, we can always arrange
for g(α, β) = 0. Since,
F 2 = 2α2β2 = 0 .
either α or β must be a null vector, without loss of gener-
ality, we can arrange for β2 = 0, and thus α is spacelike,
and kerF consists of all vectors orthogonal to α and β.
In particular β♯ ∈ kerF . Call β♯ as l to remind us that
it is a lightlike vector. Moreover
g(l, v) = 0, ∀v ∈ T (Fa) .
Hence, g when restricted to T (Fa) is degenerate. The
exact same argument shows that g when restricted to
the plane spanned by α and β(= l♭) is degenerate. In the
adapted chart, this means that
det
(
g33 g34
g43 g44
)
= 0 , (8)
or equivalently M4 = 0 = N3. Henceforth, we shall
refer to foliations by 2-dimensional submanifolds of M
where the restriction of g on the leaves of the foliation is
degenerate as a null foliation. Given a null foliation, we
may or may not have an associated force-free null field.
However, we may still create a foliation adapted chart
(x1, . . . , x4) such that surfaces of constant values for x3
and x4 are indeed the leaves of the foliation. Such charts
are referred to as a null foliation adapted chart. The
following theorem was the first insight that led to the
understanding of null force-free solutions in an arbitrary
spacetime ([1]).
Theorem 1 (Version 1) Let F be a 2-dimensional null
foliation ofM with metric g. Let (Up, φp = (x1, . . . , x4))
be a null foliation adapted chart about any arbitrary point
p. Then F given by eq.(5) for any smooth function
u(x3, x4) is a unique class of force-free solution in Up
if and only if
∇rM r = 0 = ∇rN r . (9)
Proof 1 Since M4 = 0 = N3, the result follows immedi-
ately from eqs.(6) and (7). 
In the following section, the above theorem will be rewrit-
ten in completely geometric terms. In doing so, the physi-
cal meaning behind the requirements of the theorem, and
its chart independence will be manifest. In the meantime
consider another null foliation adapted chart (x¯1, . . . , x¯4).
It is instructive to see how a simple 2-form of the type
u(x3, x4) dx3 ∧ dx4
might transform under a change of adapted coordinates.
Since the new chart is adapted, we must have that
∂xa
∂x¯i
= 0 (10)
to preserve foliations. Here i = 1, 2 and a = 3, 4. Then
∂
∂x¯i
u(x3, x4) =
∂x1
∂x¯i
∂
∂x1
u(x3, x4) +
∂x2
∂x¯i
∂
∂x2
u(x3, x4) = 0 .
Also
dx3 ∧ dx4 = D dx¯3 ∧ dx¯4
where
D =
(
∂x3
∂x¯3
∂x4
∂x¯4
− ∂x
4
∂x¯3
∂x3
∂x¯4
)
. (11)
From eq.(10)
∂
∂x¯i
∂xa
∂x¯b
=
∂
∂x¯b
∂xa
∂x¯i
= 0 ,
for a, b = 3, 4 and i = 1, 2, and so
∂
∂x¯i
D = 0 .
I.e., we get that the original 2-form
u(x3, x4) dx3 ∧ dx4 = u¯(x¯3, x¯4) dx¯3 ∧ dx¯4
where
u¯(x¯3, x¯4) = D · u(x3, x4) . (12)
IV. THE GEOMETRY OF THE NULL
FORCE-FREE FIELD
The ray along l generate all the null vectors in T (Fa).
In this manner, a null force-free field F defines a unique
null ray in spacetime that are tangent to the field sheets.
I.e., locally one obtains a smooth lightlike vector field l in
kerF . Clearly, l is far from unique. But this is a familiar
problem in the theory of null hypersurfaces and we know
how to deal with this redundancy. Globally, l defines
a null congruence. At the onset, there is no reason to
assume that l is a geodesic congruence or that l⊥, the
distribution consisting of all vectors orthogonal to l, is
hypersurface forming. Since, Fa is 2-dimensional, there
exists a local spacelike vector field s in kerF . We will
normalize s so that g(s, s) = 1. Together l and s span
kerF . Now kerF can also be defined by the requirement
kerF =
{
v ∈ T (M) | α(v) = 0 = l♭(v)
}
. (13)
Finally, normalize α so that g(α, α) = 1, and to complete
the tetrad, let n be a null vector field such that
n♭(l) = −1, n♭(s) = 0 = α(n) .
4To recapitulate, l and s span kerF , the span of l♭ and
α are all the forms that annihilate kerF , n completes
the tetrad, and (s, l, α♯, n) span T (M). We shall refer to
(s, l, α♯, n) as a foliation adapted frame for F (which is
a null foliation). l, n are null, and α♯, s are unit spacelike
vectors such that
l⊥ = span { l, s, α♯ } ,
and
n⊥ = span { n, s, α♯ } .
There is not a unique way to pick out l, s and α. One is
free to make transformation of the following type,
l → f l, n→ (1/f) n , (14)
and
s→ s+ g l , and α→ α+ h l♭ , (15)
wherein
n→ n+
(
g2 + h2
2
)
l + g s+ h α♯
and all the essential required properties of l, s and α are
still retained. Here f 6= 0, g and h are any smooth
function on M. From the differential-forms version of
Frobenius’s theorem, eq.(13), and the fact that kerF is
integrable implies that
dl♭ = l♭ ∧A+ α ∧B , (16)
and
dα = l♭ ∧ C + α ∧D , (17)
for some 1-forms A,B,C and D. We can agree to write
A as
A = An n
♭ +Aα α+As s
♭ ,
and B as
B = Bn n
♭ +Bs s
♭ .
Similar remarks apply to C and D. We have a choice
of eq.(3) or eq. (5) as a starting point of our discussion.
Although we plan to proceed in a completely geometric,
coordinate free formalism, it will be useful to establish a
relationship between the two expressions. Let
(
α
l♭
)
=
(
α3 α4
l♭3 l
♭
4
)(
dx3
dx4
)
. (18)
Then
u(x3, x4) dx3 ∧ dx4 = (u · κ) α ∧ l♭ ,
where
κ = (α3 l
♭
4 − α4 l♭3)−1 . (19)
Thus
F = (u · κ) α ∧ l♭ , (20)
where under eqs.(14) and (15)
κ→ κ
f
. (21)
We will work with eq.(20) rather than eq.(3) so that we
may easily compare the adapted chart formalism to the
geometric formalism. We have developed the necessary
background to formulate the geometric version of theo-
rem 1. In a foliation adapted frame (s, l, α♯, n), the metric
takes the simple form
g =


1 0 0 0
0 0 0 −1
0 0 1 0
0 −1 0 0

 = g−1 . (22)
The above form of the metric will be useful as we take
the Hodge-Star dual of forms.
Theorem 2 (Version 2) Let F be a null foliation of M
with metric g. Let (s, l, α♯, n) be a foliation adapted frame
for F about some open set Up, where p ∈ Fa ∈ F . Then
F given by eq.(20) for any smooth function u on F is a
unique class of force-free null solution in Up if and only
if
dα(l, α♯) = ds♭(l, s) (23a)
dl♭(l, α♯) = 0 . (23b)
For the moment, it appears that the geometric version of
the theorem is no more enlightening than the coordinate
adapted version. But, we will reformulate eqs.(23) into
tangible terms shortly.
Proof 2 dF = 0 implies that
d(u · κ) ∧ α ∧ l♭ = (u · κ) [α ∧ dl♭ − dα ∧ l♭] .
From eq.(16) and (17), we get that
d(u · κ) ∧ α ∧ l♭ = (u · κ) α ∧ l♭ ∧ (A+D) . (24)
Meanwhile, from eq.(22), we get that
∗F = (u · κ) ∗ (α ∧ l♭) = (u · κ) l♭ ∧ s♭ .
Then
J = d ∗ F
5= d(u · κ) ∧ l♭ ∧ s♭ + (u · κ) dl♭ ∧ s♭ − (u · κ) l♭ ∧ ds♭ .
Once again, using eq.(16) and (17), we get that
J = d(u · κ) ∧ l♭ ∧ s♭ + (u · κ) l♭ ∧ (An n♭ +Aα α) ∧ s♭
+(u · κ) α ∧Bn n♭ ∧ s♭ − (u · κ) l♭ ∧ ds♭ . (25)
From above and eq.(4), one of the two force-free require-
ments become
0 = J ∧ l♭ ⇐⇒ Bn = 0 ,
and,
0 = Bn = dl
♭(l, α♯) .
Therefore eq.(23b) is a necessity for null force-free elec-
trodynamics. Finally, imposing J ∧ α = 0 we get that
0 = d(u · κ) ∧ l♭ ∧ s♭ ∧ α+ (u · κ) An l♭ ∧ n♭ ∧ s♭ ∧ α
−(u · κ) l♭ ∧ ds♭ ∧ α
= α ∧ l♭ ∧ n♭ ∧ s♭ [(An +Dn)−An + ds♭ns] .
The final expression above was obtained by using eq.(24)
to eliminate the term containing d(u · κ). Here ds♭ns de-
notes the n♭ ∧ s♭ component of the 2-form ds♭. I.e.,
Dn = −ds♭ns .
where,
ds♭ns = −ds♭(l, s) .
Also, from eq.(17) it is clear that Dn = dα(l, α
♯) . This
completes the proof of the theorem, since now eq.(23a) is
evident as well. 
It is important to note that the expression (u · κ) is not
present in the requirements of the theorem above. This
is already consistent with what we know from [1] since
there will always be an inherent freedom in the choice
of u(x3, x4) for null, force-free fields. In the remainder
of this section, we will interpret eqs. (23). We begin
by showing that l is a pregeodesic tangent vector field.
I.e., the integral curve of l when suitably parametrized is
a (null) geodesic. This key theorem is the central result
that will allow for a geometric interpretation of eq. (23a).
Theorem 3 dl♭(l, α♯) = 0 if and only if l is a pregeodesic
vector field.
Proof 3 Let p ∈ Fa, be as in theorem 2, and let
(s, l, α♯, n) be a foliation adapted frame for F about some
open set Up, where p ∈ Fa ∈ F .
dl♭(l, α♯) = (lµαν − αµlν) ∇µlν .
Here the exterior derivative is taken in any local chart.
Then, eq.(23b) implies that
dl♭(l, α♯) = lµαν ∇µlν = 0 ,
or
αν (∇l lν) = 0 .
Additionally, since
lν (∇l lν) = 0 ,
we get that
∇l lν ∈ kerF .
Now let s˜ be the Lie transport of s|p along l passing
through the point p in Fa. I.e., [s˜, l] = 0. Then
g(∇ll, s)|p = g(∇ll, s˜)|p = −g(∇ls˜, l)|p .
Since the torsion tensor is trivial in general relativity,
this means that
g(∇s˜l, l)|p = 0 .
I.e., ∇ll is either vanishing, or at most proportional to l.
The converse of what we have proved is seen to be true
by simply reversing the argument. 
Since we are not particularly concerned with how l is
parametrized, for ease we will refer to l as a null geodesic
vector field. The null mean curvature, or the null expan-
sion scalar, θ, for the congruence generated by l is given
by
θ =
1
2
[
g(∇s l, s) + g(∇α♯ l, α♯)
]
. (26)
In addition to eq.(15), eq.(26) is invariant under orthog-
onal transformations involving α♯ and s:(
α¯♯
s¯
)
= O
(
α♯
s
)
.
Here O is any 2 × 2 orthogonal matrix. Under eq.(14),
clearly
θ → fθ .
Definition 1 Let (s, l, α♯, n) be a foliation adapted frame
for a null foliation F . If
θ = g(∇s l, s) ,
we say that F admits an equipartition of null mean cur-
vature with respect to the null geodesic vector field l.
Lemma 1 Let (s, l, α♯, n) be a foliation adapted frame
for a null foliation F . Then dα(l, α♯) = ds♭(l, s) (i.e.,
eq.(23a) is true) if and only if F admits an equipartition
of null mean curvature with respect to the null geodesic
vector field l.
6Proof 1
ds♭(l, s) = (lµsν − sµlν) ∇µsν = sν∇s lν = g(∇s l, s) .
Similarly, dα(l, α♯) = g(∇α♯ l, α♯) . A direct substitution
of the expressions above into eq.(26) gives the needed re-
sult. 
We finally write down the conditions for a null force-free
field in completely geometric terms.
Theorem 4 (Version 3) Let F be a null foliation of M
with metric g. Let (s, l, α♯, n) be a foliation adapted frame
for F about some open set Up, where p ∈ Fa ∈ F . Then
F given by eq.(20) for any smooth function u on F is a
unique class of force-free null solution in Up if and only
if
• l is a (pre)-geodesic, and
• F admits an equipartition of null mean curvature
with respect to the null geodesic vector field l.
Proof 4 Suppose we picked a different s˜ ∈ kerF , then
s˜ = s + g l for some smooth function g. Clearly, as
mentioned before
g(∇s˜ l, s˜) = g(∇s l, s) .
The rest follows from theorems 2, 3 and lemma 1. 
Clearly, as is evident, the conditions of the above theorem
are impervious to redundancies and eccentricities of a
null foliation as stated in eq. (14), and (15). It is now
easy to pin down the conditions a null foliation of M
must satisfy to permit the possible existence of a null,
force-free field.
Theorem 5 Let F be a null and force-free electromag-
netic field on M. Let F = ∪ Fa be the associated null
foliation of M such that kerF = ∪ T (Fa). Then through
each point point of M, there exists a null geodesic vector
field l ∈ T (Fa), and F admits an equipartition of null
mean curvature with respect to the null geodesic vector
field l.
Proof 5 The above conditions do not refer to charts, and
yet these conditions, as per the previous theorem, have to
hold locally, and hence globally. 
Definition 2 A null foliation F = ∪ Fa is a null field
sheet foliation if there exists a null geodesic congruence l
in M such that l ∈ T (Fa) and F admits an equipartition
of null mean curvature with respect to the null geodesic
vector field l.
Then, a null field sheet foliations will always permit local
null and force-free solutions.
V. DUAL SOLUTIONS AND GENERALIZED
DUAL SOLUTIONS
Theorem 6 Let F be a null field sheet foliation of M,
and let (s, l, α♯, n) be a foliation adapted frame for F on
some open set U of M. Suppose that the pair of vector
fields α♯ and l forms an involutive distribution, then there
exists a new class of “dual ” null force-free solutions F˜
in U such that the kernel of F˜ is the span of α♯ and l.
Proof 6 If l and α♯ form an involutive distribution, then
in theorem 4, we simply apply the following substitution:
(s, l, α♯, n)→ (α♯, l, s, n) ,
since
θ = g(∇s l, s) = g(∇α♯ l, α♯) .
There is a subtle point hidden here: if l and α♯ does
not form an involutive distribution, we will not have that
dF˜ = 0. 
Further the null geodesic vector field associated to F and
F˜ share the same mean null curvature, and all the op-
tical scalars since they are generated by the same l. It
is now reasonable to ask if the span of l and any linear
combination of s and α♯ can generate a null field sheet
foliation. The required condition for a generalized class
of null, force-free dual solutions are easy to write down.
Definition 3 Let F be a null field sheet foliation of M,
and let (s, l, α♯, n) be a foliation adapted frame for F .
Then l admits a uniform equipartition of null mean cur-
vature if
g(∇sl, α♯) + g(∇α♯ l, s) = 0 .
Note the distinction that while F may admit an equipar-
tition of null mean curvature, it is l itself that admits
a uniform equipartition of null mean curvature, since in
the uniform case the results apply to a 3-dimensional
subspace of the tangent space.
Theorem 7 Let F be a null field sheet foliation of M,
and let (s, l, α♯, n) be a foliation adapted frame for F on
some open set U of M. Let l admit a uniform equiparti-
tion of null mean curvature, and for some smooth func-
tions A and B, let
sˆ = A s+B α♯
be a unit vector field such that the span of l and sˆ form
an integrable distribution and generate submanifolds that
form a foliation Fˆ of M. Then Fˆ is a null field sheet
foliation.
Proof 7 As before, the requirement that the span of l and
sˆ form an integrable distribution ensures that dFˆ = 0.
Clearly g(l, sˆ) = 0, and
1 = g(sˆ, sˆ) = A2 +B2 .
7Then
g(∇sˆl, sˆ) = A2 g(∇sl, s) +B2 g(∇α♯ l, α♯)
+AB
[
g(∇sl, α♯) + g(∇α♯ l, s)
]
= (A2 +B2) θ = θ .
I.e., since l is a null geodesic vector field, and Fˆ admits
an equipartition of null mean curvature, theorem 4 gives
us the needed result. 
The resulting solution Fˆ will be of the form
Fˆ = (u · κˆ) αˆ ∧ l♭ , (27)
where (
sˆ
αˆ♯
)
=
(
A B
−B A
)(
s
α♯
)
(28)
is clearly nothing more than a point wise rotation about
l.
VI. CONSISTENCY IN FORMALISM
It should be clear that theorem 4 and theorem 1 state
the requirements for the existence of a null and force-free
electromagnetic field, seemingly in two different ways. In
this section, we will show that both these two sets of
requirements are in fact equivalent. We begin by writing
down the equations of force-free electrodynamics, in the
null field case, in a standard adapted chart.
Lemma 2 In a foliation adapted chart, the force-free
condition, J ∧ dx3 = 0 = J ∧ dx4 if and only if
l(ln |κ|) + dl♭(n, l) + ds♭(l, s) = 0 (29a)
dl♭(l, α♯) = 0 . (29b)
Notice that the second requirement in the above lemma
is the same as eq.(23b), and also it is the chart that fixes
κ.
Proof 2 The form of J we will be working with is given
by eq.(25). In fact consider the first term in the expres-
sion for J given by
d(u · κ) ∧ l♭ ∧ s♭ .
To impose the force-free condition we have to take the
wedge product of the above expression with dx3 (and the
with dx4).Then,
d(u · κ) ∧ l♭ ∧ s♭ ∧ dx3 = l♭4 d(u · κ) ∧ dx4 ∧ s♭ ∧ dx3 .
Here the factor l♭4 comes from eq.(18). Since dx
3 and
dx4 span the same plane as α and l♭, the only relevant
component of d(u ·κ) in the above expression is along the
n♭ direction. I.e.,
d(u ·κ) ∧ l♭∧s♭∧dx3 = −l♭4 d(u ·κ)(l) n♭∧dx4∧s♭∧dx3 .
Proceeding in a similar manner we find that
0 = J ∧ dx3 = n♭ ∧ s♭ ∧ dx4 ∧ dx3
(
l♭4
[
l(u · κ)
+(u ·κ) dl♭(n, l)+(u ·κ) ds♭(l, s)
]
+α4 (u ·κ) dl♭(l, α♯)
)
.
Since l(u) = 0 (l is in kerF , while u = u(x3, x4)), the
above equation reduces to
l♭4
[
l(ln |κ|) + dl♭(n, l) + ds♭(l, s)
]
+ α4 dl
♭(l, α♯) = 0 .
In exactly the same way, J ∧ dx4 = 0 implies that
l♭3
[
l(ln |κ|) + dl♭(n, l) + ds♭(l, s)
]
+ α3 dl
♭(l, α♯) = 0 .
We can always have it where either α3 or α4 is 0 (but not
both at the same time). Without loss of generality, let us
pick α4 = 0. Then l
♭
4 6= 0. Then the last two equations
hold true if and only if the conditions of the lemma hold
true. 
From eq.(29a) we see that while κ, the factor that allows
transition from an adapted chart to the adapted frame,
is determined by n, l and s, u continues to be a free func-
tion. This feature is never lost in the null case.
So far, the foliation adapted frame has been very ab-
stract. We will now make specific choice using our stan-
dard adapted chart. Since M4 = 0 in the null case, and
M3 is always identically zero, elevate M r to a vector
by defining M ∈ T (Up) by M =Mµ∂µ = M1∂1 +M2∂2,
where {∂µ} refer to the tangent bases vectors in the stan-
dard adapted chart. Let
χM = g
34 dx3 − g33 dx4 . (30)
A simple calculation reveals that χ♯M = M , and so χM
is a null dual vector whose associated tangent vector is a
null vector in kerF . I.e., M is a good candidate for l in a
foliation adapted frame. In the remainder of this section,
we will specifically work withM as a choice for l. I.e., the
null foliation adapted frame takes the form (s,M, α♯, n).
In doing so, we will have automatically restricted the
choice of n. But, since, as we shall see, n is a passive
player, we do not need to indicate it specifically. Eq. (9)
implies that for M , ∗d ∗M ♭ = 0.
Lemma 3 In the specific null foliation adapted frame
(s,M, α♯, n), ∗d ∗M ♭ = 0 if and only if
dM ♭(n,M) + dα(M,α♯) + ds♭(M, s) = 0 . (31)
8Proof 3 From eq.(22), we get that ∗M ♭ = M ♭ ∧ α ∧ s♭.
Then from eq.(16) and (17)
d ∗M ♭ = M ♭ ∧ n♭ ∧ α ∧ s♭ [An +Dn − ds♭ns] = 0 .
From eq.(16) we get that An = dM
♭(n,M). Dn, and
ds♭ns have been evaluated before, as we see that we get the
necessary result. 
We have picked a particular l for the foliation adapted
frame. Now we settle on a particular choice of α. As-
suming that g33 6= 0, set
α =
−1√
g33
dx3 . (32)
If g33 = 0, we can always use the unit 1-form proportional
to dx4, or simply relabel the coordinates by x3 ↔ x4 since
both g33 and g44 cannot be 0 at the same time. The “-”
sign is included only to make κ > 0.
Lemma 4 With the above choice of α, eq.(31) is true if
and only if eq.(29a) is true.
Proof 4 All that remains to be shown is that
M(ln |κ|) = dα(M,α♯) .
From eqs.(19), (32) and our choice of l, we get that
κ =
1√
g33
.
Then
M(ln |κ|) = −1√
g33
M
(√
g33
)
.
On the other hand,
dα(M,α♯) = Mµαν (∂µαν)− αµMν (∂µαν) .
But αν = 0 whenever ν 6= 3, and Mν = 0 when ν = 3.
Therefore,
dα(M,α♯) = Mµαν (∂µαν) = α
3M(α3)
=
−1√
g33
M
(√
g33
)
= M(ln |κ|) .

Since N r ∝ M r, we will elevate N r to the status of a
vector field as well. Now we have to seek out the role
played by the vanishing of the divergence of N r. A casual
examination reveals that when g44 6= 0,
N =
g44
g34
M .
Note that if g44 6= 0, we must necessarily have that g34 6=
0. Since M is divergence free,
∇µNµ = 0 ⇐⇒ M
(
g44
g34
)
= 0 . (33)
If g44 = 0, then g34 = 0, and N = 0.
Lemma 5 When l =M , and α is as given by eq.(32),
∇µNµ = 0
if and only if eq.(29b) is true.
Proof 5 The result follows from a straightforward calcu-
lation. First, let g44 6= 0.
dM ♭(α♯,M) = −ανM(Mν)
=
g33√
g33
M(M3) +
g34√
g33
M(M4) .
Or,
g33M(g34)− g34M(g33) = −(g34)2 M
(
g33
g34
)
.
Eq.(33) now gives us the needed result when g44 6= 0. On
the other had if g44 = 0, clearly N is trivially divergence
free and
dM ♭(α♯,M) =
g33√
g33
M(M3) .
But, from eq.(30) since χM = M
♭, in this case M3 = 0.
Once again the lemma holds true. 
Theorem 8 Theorems 1, 2, and 4 are equivalent.
Proof 8 The result follows from lemmas 2 to 5. 
When using a new adapted chart, we have that
κ→ κ
D
,
where D is as defined in eq. (11). Therefore, from eq.
(12) we have that
u · κ→ (D · u) · κ
D
= u · κ . (34)
Theorem 9 Eq.(29 a, and b) in lemma 2 does not de-
pend on the adapted chart used nor in the freedom of
choice in l, n, α and s given by eqs.(14) and (15).
Proof 9 Eq.(34) clearly implies that eqs.(29a) and (29b)
remain true under an adapted chart transformation. Now
consider the freedom of choice in eq.(14). Then from
eq.(21) we see that
f l ln
(
κ
f
)
+ d(f l♭)
(
n
f
, f l
)
+ ds♭(f l, s)
= f
[
l lnκ+ dl♭(n, l) + ds♭(l, s)
]
− f ln f + df ∧ l♭ (n, l)
= −f ln f + l(f) = 0 .
9I.e., eq.(29a) holds true under eq.(14).
Since eq.(29a) does not depend on α consider the trans-
formation in eq.(15) when h = 0. Then,
l lnκ+ dl♭
(
n+
g2
2
l + g s, l
)
+ d(s♭ + g l♭)(l, s+ g l)
= l lnκ+ dl♭(n, l) + ds♭(l, s) + dg ∧ l♭(l, s) + g dl♭(l, s)
= 0.
Eq.(16) was used in obtaining the last equality above. A
similar calculation reveals that eq.(29b) is not affected by
a coordinate transformation to a different adapted chart
and also in picking a different valid choice of our adapted
tetrad. 
VII. CURRENTS IN A NULL AND
FORCE-FREE FIELD
Note that
∗ l♭ ∧ α ∧ n♭ = s♭ ,
and
∗ s♭ ∧ l♭ ∧ α = l♭.
Then, from eq.(25) and (29 a), it is straight forward to
write down the expression for j. In the null force-free
field, the current density vector j is given by
j = −(u · κ) ×[
α♯(lnu · κ) + dl♭(n, α) + ds♭(α♯, s)]l♭ + ds♭(l, α♯) s♭ .
(35)
A null, force-free field does not require the current to flow
along the null geodesics of the foliation. If it weren’t for
eq.(29 a), j would have a component along the α direction
thus violating the force-free condition.
Theorem 10 Let F be a null field sheet foliation of M,
and let (s, l, α♯, n) be a foliation adapted frame for F . Let
F be a particular solution in the adapted frame. Then
• the current density vector j for the null, force-free
field F is along the null (pre-) geodesic l if and only
if
ds♭(l, α♯) = 0 . (36)
• if further
α♯(ln u · κ) + dl♭(n, α) + ds♭(α♯, s) = 0 , (37)
then F describes a vacuum solution.
Proof 10 From eq. (35) we see that the requirements of
the theorem are necessary. Eq.(34) once again shown that
the same equations hold under an adapted chart transfor-
mation. Under eq.(15),
d(s+ g l)♭(l, α♯ + h l) =
ds♭(l, α♯) + g dl♭(l, α♯) + dg ∧ l♭(l, α♯) = 0 .
The above equality was obtained using eqs. (36) and
(23b). Clearly eq. (36) is also true under the transfor-
mation given by eq. (14).
To show that eq. (37) remains true under an adapted
frame transformation consider first the case in eq. (15)
when g = 0. In this case
(α♯ + h l) (ln |u · κ|) + dl♭
(
n+
h2
2
l + h α♯, α♯ + h l
)
+ ds♭(α♯ + h l, s)
= (1+h)
[
l(ln |κ|)+dl♭(n, l)+ds♭(l, s)]+h2
2
dl♭(α♯, l) = 0 .
The final equality was obtained using eq. (29a) and eq.
(23b). The other remaining cases can be shown in similar
manner, and we omit the details for brevity. 
VIII. EXAMPLES
A. A Null Force-Free Field in FLRW Cosmology
For concreteness, we set the sectional curvature of
spacetime, k = +1. In the hyperspherical coordinate
system (t, r, θ, ϕ),
g = −dt2 + a2(t)[dr2 + sin2 r dΩ2] .
Here dΩ2 is the standard metric on the unit 2-sphere.
Our calculation here does not depend on the explicit
choice for a(t), and so the matter content of the universe
remains unfixed. Let
l = a(t) ∂t + ∂r .
Then l is a null vector field in this spacetime, and more-
over
∇ll = 2a˙ l .
Here a˙ refers to derivative of a(t) with respect to our time
coordinate t. I.e., l is a pregeodesic congruence. Clearly,
l⊥ = span {l, ∂θ, ∂ϕ} .
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Let
s =
∂θ
a sin r
, and α♯ =
∂ϕ
a sin r sin θ
.
By construction, we are looking for a null force-free field
F , whose kernel consists of the span of l and s. Since
g(∇sl, s) = cot r + a˙ = g(∇α♯ l, α♯) ,
foliations generated by submanifolds whose tangent
spaces are spanned by l and s admits an equipartition
of null mean curvature. Once again, theorem 5 guaran-
tees the existence of a null force-free field. To identify
the variables u(x3, x4), and κ we begin by constructing
a foliation adapted chart. To this end define commuting
vector fields
X1 = l, X2 = ∂θ, X3 = ∂ϕ, and X4 = ∂r .
As usual, let {xi} be a chart such that ∂xi = Xi. Then
dx1 = dt/a, dx2 = dθ, dx3 = dϕ ,
and
dx4 = −dt
a
+ dr .
Here the force-free null field takes the form (eq.(5))
F = u(ϕ, x4)
(−dt
a
+ dr
)
∧ dϕ ,
where u(ϕ, x4) = u(t, r, ϕ) is such that
X1(u) = a(t) ∂t u+ ∂r u = 0 ,
and trivially
X2(u) = ∂θu = 0 .
It will always be the case that constraints X1(u) = 0 =
X2(u) that allows for 2 parameters of freedom in choosing
u. These are the class of solutions we have been referring
to in the null, force-free case. Here ds♭(l, α♯) is trivial,
and so from theorem 10, the current density vector is
along l. A direct computation gives that
j =
u,ϕ
a4 sin2 r sin θ
l ,
and indeed, as expect the solution is force-free. Since
α = a sin r sin θ dϕ, and l♭ = a2 dx4 we have that, here,
κ = (a3 sin r sin θ)−1 .
We conclude this section by verifying the remaining chart
equation given by eq.(29a).
dl♭(n, l) = g(∇nl, l)− g(∇ll, n)
= 0− 2a˙g(n, l) = 2a˙ .
dα(l, α♯) = g(∇lα♯, α♯)− g(∇α♯α♯, l) = g(∇α♯ l, α♯)
= dϕ(∇ϕl) = cot r + a˙ .
On the other hand
l(lnκ) =
1
κ
(a ∂t + ∂r)κ = −(3a˙+ cot r) .
I.e., owing to the equipartition of null mean curvature,
we have that
l(ln |κ|) + dl♭(n, l) + ds♭(l, s) = 0 ,
as required.
B. The Generalized Dual Solutions Generated by
l = a(t) ∂t + ∂r in FLRW Spacetime
It is easy to verify that
g(∇α♯ l s) = 0 = −g(∇s l, α♯) .
I.e., l admits a uniform equipartition of null mean curva-
ture, and so there is a possibility of further generalizing
the previous solution. All that remains is the search for
involutive distributions containing l. Define
sˆ = A(t, r, θ, ϕ) s+B(t, r, θ, ϕ) α♯ .
Then l and sˆ is involutive if and only if
A l(B) = B l(A) . (38)
When the above condition holds, theorem 7 guarantees
a generalized solution of the form
Fˆ = (u · κˆ) αˆ ∧ l♭ ,
where from eq.(28) we see that
αˆ = −B s♭ +A α = −aB sin r dθ + aA sin r sin θ dϕ ,
and
l♭ = −a dt+ a2 dr .
Therefore, there must be solutions of the type
Fˆ = a sin r (u · κˆ) (−B dθ +A sin θ dϕ) ∧ l♭ .
Since l(sin θ) = 0, we can rewrite A sin θ as A. It is not
easy to write down the adapted chart in this case. Con-
sequently, there is no real way to guess the form of κˆ or
even the free variables x3 and x4 in u. Thankfully, this is
not needed. We can subsume the factor a sin r (u · κˆ) into
A and B. Of course, a priori, there is no longer the need
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for A and B to satisfy eq.(38). With the reassignments,
we get that
Fˆ = (−B dθ +A dϕ) ∧ l♭ . (39)
Now we simply have to enforce Maxwell’s equations. Not-
ing that
dl♭ = 2aa˙ dt ∧ dr ,
and taking the exterior derivative of Fˆ we get that
0 = dFˆ = dt ∧ dr ∧ dθ (a2B,t + aB,r + 2aa˙B)
−dt ∧ dr ∧ dϕ (a2A,t + aA,r + 2aa˙A)
−a dt∧dθ∧dϕ (B,ϕ+A,θ)+a2 dr∧dθ∧dϕ (B,ϕ+A,θ) .
This imposes the conditions that
l(A) = −2a˙A, and l(B) = −2a˙B (40)
which is consistent with eq. (38) and a new constraint
that
B,ϕ +A,θ = 0 . (41)
In a similar manner, enforcing the in-homogeneous
Maxwell equation, we get that
j =
[
(B sin θ),θ − A,ϕ
sin θ
]
1
a2 sin2 r sin θ
l .
I.e., we get that the solution given by eq.(39) is a force-
free null field in a FLRW spacetime when k = +1, when
A and B satisfy constraints eq.(40) and (41). Also, there
exists no further generalizations where the kernel of the
null field contains the vector l = a(t) ∂t + ∂r.
C. The Fls solution in Outgoing Kerr Background
Consider as a second example the outgoing principal
null geodesic congruence of the Kerr geometry given by
l = ∂r⋆ .
The underlying coordinate functions are that of the out-
going Kerr-Schild spacetime denoted by (t⋆, r⋆, θ⋆, ϕ⋆).
They are related to the Boyer-Lindquist coordinates by
the following relations:
r⋆ = r , θ⋆ = θ ,
dt⋆ = dt− r
2 + a2
∆
dr , and dϕ⋆ = dϕ− a
∆
dr.
The “⋆” is placed on r and θ so that no confusions arise
while performing coordinate transformations. In K⋆, the
spacetime metric is given by
g⋆µν =


z − 1 −1 0 −za sin2(θ)
−1 0 0 a sin2(θ)
0 0 ρ2 0
−za sin2(θ) a sin2(θ) 0 Σ2 sin2(θ)/ρ2

 .
(42)
Here,
z =
2Mr
ρ2
,
ρ2 = r2 + a2 cos2 θ , ∆ = r2 − 2Mr + a2 ,
Σ2 = (r2 + a2)2 −∆ a2 sin2 θ ,
and
√−g⋆ = ρ2 sin θ.
The time orientation in K⋆ is given by the null congru-
ence ∂r⋆ which is set to be future pointing. Also, since
θ = θ⋆, and ∂θ = ∂θ⋆ , we will not make a distinction
between the two coordinates in what follows. It is easy
to verify that in this case
l⊥ = span {l, s, α♯} ,
where s and α♯ are unit spacelike vectors given by
s =
1
sin(θ)
√
ρ2
[
a sin2(θ) ∂t⋆ + ∂ϕ⋆
]
,
and
α♯ =
1√
ρ2
∂θ .
We will begin by re-deriving the generalization to the
solution first derived in [10]. This generalization was sub-
sequently found by [12]. However we proceed in a manner
consistent with our geometric formulation of the theory
of null, force-free electromagnetic fields. In this case, the
kernel of our solution denoted by Fls is given by
kerFls = span {l, s} .
Since l is a null geodesic, all that remains is to check
whether this foliation admits an equipartition of null
mean curvature. A routine calculation shows that the
null mean curvature (unfortunately, also denoted by θ)
is given by
θ = g(∇s l, s) = g(∇α♯ l, α♯) =
r
ρ2
.
All the conditions of theorem 5 has been satisfied, so
already a solution is guaranteed. It is easy to write the
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explicit solution in the foliation adapted chart in the form
given by eq.(5). To this end, define vector fields
X1 = ∂r⋆ , X2 = sin(θ)
√
ρ2 s ,
X3 = ∂ϕ⋆ , and X4 = ∂θ + 2t
⋆ cot θ ∂t⋆ .
It is easily verified that [Xi, Xj ] = 0 for i, j = 1, . . . , 4 .
Therefore, there exists a foliation (determined by the dis-
tribution spanned by l and s) adapted coordinate system
(x1, . . . , x4) such that
∂
∂xi
= Xi .
The coordinate 1-forms transforms as
dx1 = dr, dx2 =
1
a sin2 θ
[
dt⋆ − 2t⋆ cot θ dθ] ,
dx3 = −dx2 + dϕ⋆ , and dx4 = dθ .
In eq.(5), u(x3, x4) do not depend on x1 and x2. This
condition is encoded in the statement X1(u) = 0 =
X2(u), and in our case reduces to the conditions
X1(u) = ∂r⋆u = 0 ,
and
X2(u) = 0 = a sin
2(θ) ∂t⋆u+ ∂ϕ⋆u .
I.e., we can write the null field as
Fls =
u(x4, θ)
a sin2 θ
(−dt⋆ + a sin2 θ dϕ⋆) ∧ dθ . (43)
Note that
l♭ = −dt⋆ + a sin2 θ dϕ⋆ , and α =
√
ρ2 dθ .
Here (
α
l♭
)
=
(
0
√
ρ2
a sin2 θ −2t cot θ
)(
dx3
dx4
)
,
and so
κ = −(a sin2 θ
√
ρ2)−1 .
Therefore, from eq.(20)
Fls = −u(x
4, θ) (ρ2)3/2
a sin2 θ
α ∧ l♭ . (44)
Clearly the substitution −u/a sin2 θ → u , allows us to
write the solution in a simpler way, but we will refrain
from doing so in order to freely use the expressions pre-
viously derived in this paper. To compute the current
density vector, we first trivially observe that
ds♭(l, α♯) = αν l(sν)− lνα♯(sν) = 0
since when αν 6= 0 or lν 6= 0 we have that sν = 0.
Therefore, from theorem 10 we must have that j is along
l. To compute the component of j along l we separately
evaluate the remaining terms in eq.(35).
α♯(u · κ) = 1√
ρ2
∂θ
(
−u
a sin2 θ
√
ρ2
)
=
−u,θ sin θ ρ2 + 2u cos θ ρ2 − a2u sin2 θ cos θ
a sin3 θρ4
,
and
ds♭(α♯, s) =
1√
ρ2
[
st ∂θst + s
ϕ ∂θsϕ
]
=
cos θ (r2 + a2)
sin θ (ρ2)3/2
.
Putting all the terms together in eq.(35), we find that,
here
j =
sin θ u,θ − u cos θ
a sin3 θ ρ2
∂r⋆ ,
which can indeed be verified by a direct computation
using eq.(43), and (2).
D. The Largest Class of Solutions Generated by ∂r⋆
As in the FLRW case, here too we see that l = ∂r⋆
admits a uniform equipartition of null mean curvature:
g(∇α♯ ∂r⋆ , s) =
a cos θ
ρ2
= −g(∇s ∂r⋆ , α♯) .
Also, when
sˆ = A s+B α♯ ,
we have that ∂r⋆ and sˆ form an involutive distribution
if and only if A = A(t⋆, θ, ϕ⋆) and B = B(t⋆, θ, ϕ⋆).
Therefore, theorem 7 gives us that for any choice of such
functions A and B such that A2 + B2 = 1, we have will
have a new class of null force-free solutions, Fˆlsˆ of the
form given by eq. (27), wherein
ker Fˆlsˆ = span {∂r⋆ , A s+B α♯} .
Also,
dsˆ♭(l, αˆ♯) = αˆt ∂r⋆(sˆt) + αˆ
θ ∂r⋆(sˆθ) + αˆ
ϕ ∂r⋆(sˆϕ)
=
AB√
ρ2
(
a2 sin2 θ ∂r⋆
(
1√
ρ2
)
− ∂r⋆
(
(r2 + a2)√
ρ2
))
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+
AB√
ρ2
∂r⋆
√
ρ2 = 0 .
Therefore, from theorem 10, regardless of choice of func-
tions A and B the current density vector for Fˆlsˆ is along
∂r⋆ . From eq.(27) and (28) we get that
Fˆlsˆ = (u · κ) (−B s♭ +A α) ∧ l♭
= (u · κ)
√
ρ2 (A dθ −B sin θ dϕ⋆) ∧ l♭ .
Important point: (u · κ)
√
ρ2 must be r⋆ independent
so that dFˆlsˆ = 0. Subsuming this term in A and B we
finally get that
Fˆlsˆ =
(
A dθ −B sin θ dϕ⋆) ∧ l♭ . (45)
This is exactly in the form given in [13], and so we do not
analyze the solution any further. Suffice it to say that
the solution given by eq.(45) is the largest class of solu-
tions possible when ∂r⋆ is the kernel of a null field. We
are able to make this statement not based computational
exhaustion, but, rather based on the structural aspects
of the theory of null, force-free fields.
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